In this article a robust discontinuous feedback control scheme of the Pulse Width Modulation (PWM) type is proposed for the regulation of angular positions of links in robotic manipulators. The discontinuous PWM controller design is carried out on the basis of the extended linearization approach for a suitably defined average PWM controlled model of continuous nature.
INTRODUCTION
A Pulse-Width-Modulated (PWM) feedback control scheme is proposed for the regulation of link positions in robotic manipulators. The discontinuous PWM stabilizing controller design is carried out on the basis of a continuous feedback stabilizing controller design, performed for the nonlinear average model of the PWM controlled system, using extended linearization (Bauman [ 11). The average model is obtained by formally imposing an infinite sampling frequency assumption on the PWM actuator. The average (piece-wise smooth) controlled system model has been shown to capture all the essential qualitative features (i.e., stability) of the actual (discontinuous) PWM controlled system, provided a sufficiently high sampling frequency is used (See Sira-Ramirez [2] - [3] and Sira-Ramirez et al [4] ). The actual PWM controller design is easily obtained from the average PWM closed loop stabilizing design.
GENERALITIES ABOUT NONLINEAR MULTIVARIABLE PWM CONTROLLED SYSTEMS
Consider the n-dimensional nonlinear PWM controlled system with multiple inputs:
regulated by the following multivariable feedback PWM control switching strategy defined for each input component as:
is the i-th piecewise smooth feedback synthesized duty ratiofinction determining the pulse width on which the smooth feedback control laws ui+(x) and u<(x) are alternatively enabled within fixed inter-sampling periods of value T (also known as the duty cycle). The sampling instants are assumed to be regularly spaced accroding to: tk+l= tk + T. Also, 0 c p(t) < 1 for all t. It may be shown, in full generality (See [4] for details), that the integral equation associated to the average PWM model (2.3) constitutes a regular second order perturbation of the corresponding integral equation representing the discontinuous controlled system (2.1),(2.2). Hence, for identical initial conditions, x($) = z(tO), as the sampling frequency 1/r tends to infinity in (2.1),(2.2), the actual PWM controlled solutions continuously converge towards that of the average system ,(2.3). The stability characteristics impossed by a feedback design on the average model (2.3) may, therefore, be completely inherited by (2.1),(2.2), provide'd a sufficiently high sampling frequency l/r is enforced on the PWM actuator regulating the actual plant behavior.
A design procedure for nonlinear multivariable PWM controlled plants which synthesizes a stabilizing feedback duty ratio function p(x(t)) may, thus, be proposed for the actual discontinuously controlled system (2.1),(2.2), on the basis of a stabilizing design prescribed for the average PWM controlled model (2.3) :
1) Obtain the average model (2.3) for the nonlinear multivariable PWM controlled system (2.1)-(2.2) .
2) Design a nonlinear stabilizing multivariable feedback control scheme, p[z(t)], for the average PWM controlled system (2.3). A constraint must be impossed bounding, between 0 and 1, the values of each duty ratio function component p i.
3) Implement, from the derived stable average PWM closed loop system, the actual (discontinuous) PWM stabilizing feedback control law through sampling of the synthesized multivariable duty ratio signal. Furnish a sufficiently high sampling frequency for the PWM actuator, until a desirable agreement is obtained among the actual and the average PWM controlled responses.
APPLICATIONS TO THE PWM CONTROL OFROBOTIC MANIPULATORS
In this section the PWM regulation of a two link robotic manipulator is presented. As a feedback design scheme, synthesizing the appropriate multivariable duty ratio function for the average PWM controlled model, we use an already existing smooth stabilizing feedback control scheme presented by Baumann in [l] .
Consider the following state space model of a two link robotic manipulator [l] :
where g is the acceleration due to gravity, x1 and x3 are the angular positions of the links, while x2 and x4 are the corresponding 'angular velocities. The U'S repsent the input torques. All masses and lengths are taken as unity.
A state-scheduled continuous multivariable stabilizing feedback controller design, based on Extended Linearization, is given by (See [ll):
with xld and xu representing, respectively, desired angular positions of links 1 and 2, and acting as reference inputs.
Let us assume one is to constrain the torque control actions u1 and u2 to piecewise constant torque specifications of magnitude fUlmax and fuZmax for each joint, in a PWM fashion. The given continuous controller design (3.2) may still be utilized on an on-off PWM switching strategy. For this, one simply replaces the control inputs ul. u2 in the system model (2.1) by : U1 = ulmax(2w1-1) ; U2 = uz"(2w2-1) (3.3) and considers the signals w1 and w2 as switch position functions constrained to the discrete set (0,l). The average model of such a resulting PWM controlled system would be simply obtained by directly replacing the discontinuous signals w1 and w2 by the duty ration functions F~ and h, respectively. The duty ratio functions can now be obtained from the continuous controller (3.2) as : 
CONCLUSIONS
A systematic method has been proposed for the design of multivariable nonlinear feedback regulators of discontinuous nature such as those required in systems including PWM actuators. The method is based on the feedback stabilization of a multi-input continbous average model easily derived from the original discontinuous system model. The approximation characteristics of the reqonses of the actual PWM discontinuous design imjmve, with respect to those of the average design, as the sampling frequency of the P w actuator is increased. A P W M feedback sfabilization of a two link robotic manipulator was presented using a known state-scheduled feedback controller design based on Extended Linearization. Simulations were performed for both the average and the actual PWM controlled robotic manipulator models .
